Introduction
[2] Layer-parallel compression or shortening of a mechanically layered system may result in a folding or buckling instability for viscous [e.g., Biot, 1961; Smith, 1975; Fletcher, 1977] , visco-elastic [Biot, 1961; Schmalholz and Podladchikov, 1999] , visco-elasto-plastic [Gerbault et al., 1999] and power-law [Fletcher, 1974; Smith, 1977] rheologies. Folds resulting from such instability occur frequently and on all scales in nature, and can appear as crenulation cleavage on the millimeter scale [e.g., Fletcher, 1977] or as lithospheric folds on the tens of kilometer scale [e.g., Gerbault, 2000; Burg and Podladchikov, 1999; Cloetingh et al., 1999; Zuber and Parmentier, 1996] . In this study, we exclusively consider folds that originated from a mechanical instability. Most studies on folding concentrated on two-dimensional (2D) deformation and few three-dimensional (3D) studies exist. Analytical results for 3D folding are based on linear stability analysis and provide a growth rate of the fold amplitude as function of the two horizontal wavelengths and the effective viscosity contrast. The results show that particular combinations of horizontal wavelengths (particular modes) grow faster than others; these ''dominant'' modes are the ones expected to develop in nature. Different than in the 2D case, where typically only one dominant mode exists, in 3D a range of modes amplify at nearly equal rate. The linear stability analysis is strictly valid only for infinitesimal amplitudes and assumes that the fold amplitude grows exponentially with horizontal strain (or deformation time). We perform numerical simulations (finite element method) of 3D viscous singlelayer folding to calculate the evolution of the fold amplitude with progressive shortening. The 2D analytical solution describing finite amplitude folding [Schmalholz and Podladchikov, 2000] is modified to accurately describe 3D finite amplitude folding. The solution is extended by an additional parameter, which is the ratio of the shortening strain rates in both horizontal directions. The numerical simulations are further applied to calculate the evolution of the averaged differential stress during 3D folding.
Mathematical Theory and Numerical Method
[3] The continuum mechanics equations describing slow, incompressible viscous flow in 3D are
where i = 1, 2, 3 represent the three spatial directions, v i are the velocities, x i are the coordinates, s ij are the components of the total stress tensor, _ e ij are the strain rates, P = Às ii /3 is the pressure and m is the Newtonian viscosity.
[4] We solve the governing equations numerically with a self-developed Lagrangian finite element code (SloMo) that employs a pressure-velocity primitive variable approach using 27-node brick elements, linear discontinuous shape functions for pressure and quadratic shape functions for velocities [Hughes, 2000; Kaus, 2005] . Uzawa iterations are used to satisfy the incompressibility constraints [Cuvelier et al., 1986] . Due to the sharp variations in viscosity it was found necessary to employ a direct solution method (MUMPS), in combination with massive parallel computers. Free slip boundary conditions are applied on all sides. Normal velocities acting on the sides are set such that imposed strain rates are constant throughout the simulations. Mass balance relates the vertical to the horizontal strain rates as _ e z = À(_ e x + _ e y ). The single layer of thickness H and viscosity m l is initially horizontal and embedded in a matrix of viscosity m m . The matrix thickness is equally large or larger than the largest wavelength, which minimizes boundary effects (the perturbation velocity diminishes at the boundaries). Although available memory strongly limits the numerical resolution (up to a maximum of $32 3 currently), the code reproduces analytical solutions to good accuracy (<5%) at very low resolutions (9 Â 6 Â 6 quadratic elements).
Linear Stability Analysis
[5] Equations (1) have also been solved analytically for a single-layer folding setup both with a thin-plate [Ghosh, 1970] and a thick plate [Fletcher, 1991] approach. Thickplate results have also been derived for a non-Newtonian rheology [Fletcher, 1995; Mühlhaus et al., 1998 ]. Fletcher [1991] showed that a fold of thickness H with a normalmode perturbation of the form A(x, y, t) = ±H/2 + A 0 cos(k x x) cos(k y y) on top and bottom grows exponentially with time according to A(x, y, t) = A 0 exp(q 3D t), where A 0 is the initial amplitude and q 3D is the growth rate, given by
where k = (k x 2 + k y 2 ) 0.5 is the wavenumber, R = À_ e x /_ e z is the normalized strain rate in x-direction (R > 0; compression is positive) and n = m l /m m is the viscosity contrast between fold and matrix (n > 1).
[6] A comparison of the numerically computed growth rates with the analytical results of equation (2) shows an excellent agreement, both in the case of compression from one direction, two directions, and for a combination of compression and extension in the x-, respectively y-direction (Figure 1) . A main result of the linear stability analysis is that folds always tend to amplify perpendicular to the main compression direction, even if the amount of compression is only slightly larger in one of the horizontal directions (e.g., R = 0.55). It also follows from equation (2) that increasing the viscosity contrast n between layer and matrix increases the dominant (maximum) growth rate as well as the dominant wavelength (2D) or normal-mode (3D).
Finite Amplitude Behavior
[7] A limitation of the linear stability analysis is that it is only valid for small amplitudes and limb dips [Chapple, 1968; Johnson and Fletcher, 1994] 
where L is the arclength, L 0 the initial arclength,q 3D = Àq 3D /_ e zz the normalized growth rate (equation (2)) and l x = 2p/k x the wavelength of the fold in x-direction, which is assumed to be the direction of maximum shortening (i.e., _ e x ! _ e y ). Other symbols are given in the inset of Figure 1 . A comparison of the 3D FAS with the numerical results shows good agreement (Figure 2 ). Additional simulations gave a similar agreement for different normal modes, compression scenarios and viscosity contrasts. It was observed that, in general, modes with a growth rate close to the maximum growth rate give the best fit to the FAS.
Random Noise
[8] To verify whether the linear stability analysis can be employed to predict pattern formation during 3D folding we performed several numerical experiments that started with an initial horizontal layer that was perturbed with random noise of maximum amplitude 10 À2 H. The resulting finite strain geometries develop structures with a mode close to the dominant modes (Figure 3) . The resulting folding pattern is fairly independent on the applied compressional directions (Figure 3) . However, folds are more cylindrical if extension in the intermediate direction is applied. This result is most likely caused by the similarity of growth rate patterns for different modes of compression, as predicted by the linear stability analysis (Figure 1 ).
3D Structural Softening
[9] During folding with constant shortening strain rate and constant material properties the average compressive stress within the folding layer decreases [Schmalholz et al., 2005] with progressive shortening, which is termed structural softening because the stress decrease is only a function of the buckling instability and not caused by changes in the material properties (i.e., material or strain softening). We computed the average differential stress on one side normal to the main shortening direction with increasing amounts of shortening. The differential stress decreases with progressive shortening and structural softening is strongest for the quasi 2D case (Figure 4) . The compressive force is proportional to the compressive stress and the results indicate that 2D and cylindrical 3D folds require less compressive force to drive folding than true 3D folds. It should be noted that at the latest stages of the folding process, when fold limbs are nearly vertical, differential stress rises again and may even exceed the initial values [e.g., Chapple, 1968; Schmalholz and Podladchikov, 1999] .
Discussion
[10] Many studies have shown the importance of folding/ buckling during crustal and lithospheric shortening [e.g., Burg and Podladchikov, 1999; Burg et al., 2004; Cloetingh et al., 1999; Zuber, 1987; Zuber and Parmentier, 1996 ; Figure 3 . Results of simulations that started with the same initial random noise distribution (of maximum amplitude 0.1H), but with different modes of compression. Color indicates height of the top surface of the fold. Width and length of the initial layer was 45. The total overall strain in z-direction is identical in all cases. Note that different axes are employed for R = 1.5. Larger R values results in more cylindrical folds; the pattern however is mainly dictated by the initial random noise distribution n = 100. Figure 4 . Evolution of area-averaged differential stress versus normalized amplitude for single-layer folds. In all cases, Ds av decreases with progressive shortening. Strongest effects occur for purely 2D cases. Gerbault et al., 1999] . In particular, the folds observed in the Zagros fold belt show a distinct 3D geometry [e.g., Lisle, 2006] . The numerical simulations performed here indicate that this 3D geometry is a natural consequence of the folding instability. Previous work demonstrated that the effects of structural softening can be felt far away from the actual location of the fold [Schmalholz et al., 2005] . Softening effects can be significant. A sinusoidal structure with 10 km amplitude and a wavelength of 200 km (which corresponds to a maximum limb dip at the inflexion points of about 17 degrees), for example, may have a differential stress which is a factor 2 lower than predicted by conventional methods (e.g., the Christmas-tree strength profile). This stress-reduction may be sufficient to prevent part of the lithosphere from yielding plastically and could be a possible explanation for the rare occurrence of earthquakes below the Moho in actively compressed regions of the continental crust [e.g., Jackson, 2002] .
[11] In the current study, we only considered horizontal shortening in two orthogonal directions. This was done to isolate effects due to the folding instability. Moreover, 2D numerical simulations of combined pure-and simple-shear folding demonstrate that those folds are sensitive to the pure-shear part of the deformation only [Schmid, 2002] . However, the effects of lateral shearing may play an important role during crustal and lithospheric folding and should be addressed in future experiments.
[12] The theory developed in this work was derived for Newtonian viscous layers under pure-shear deformation. Previous results have verified the applicability of the 2D finite amplitude theory for elastic [Schmalholz and Podladchikov, 2000] , visco-elastic [Schmalholz and Podladchikov, 2000] and simple shear viscous [Schmid, 2002] rheologies. It seems likely that the solution presented here is equally applicable to the equivalent 3D systems, if the growth rate q in equation (2) is replaced by the respective counterpart for the various rheologies.
Conclusions
[13] The presented 3D finite amplitude solution (equation (3)) accurately describes the growth of the fold amplitude of 3D viscous single-layer folds for different amounts of shortening in the two horizontal directions. The good agreement between numerical results and the new 3D finite amplitude solution shows that, (i) the folding instability is mainly sensitive to deformations from the main compressional direction, (ii) out-of-plane stretching plays a minor role and, (iii) finite amplitude single-layer folding experiments can be successfully reproduced by the analytical expressions 2and 3. Our numerical results for random noise perturbations confirm the conclusion based on analytical results, that the final 3D fold geometry is only weakly sensitive to the ratio of the amount of shortening in the two horizontal directions. The results of structural softening show that 2D and cylindrical 3D folds require less compressive force to drive folding than true 3D folds, because the decrease in stress is larger for 2D folds than for true 3D folds.
